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E. Van Wickeren (1986, Constr. Approx. 2, 331-337) shows some Stechkin—
Marchaud-type inequalities in connection with Bernstein polynomials. In this
paper, we introduce wél( f> 1), 5, and give the Stechkin-Marchaud-type inequalities
for Baskakov polynomials. ~ © 2002 Elsevier Science (USA)
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1. INTRODUCTION

For the Bernstein polynomials

B(fn =3 (7 )xa-res (1), (.

k=

in [2] Ditzian gave an interesting direct estimate,

1B,(f>x)—f(x)]

<Cawl <f, %) 0<1<1, p(x)=/x(1-x), (1.2)
n

which unifies the classical estimate for 4 = 0 and norm estimate for A = 1.
As the inverse results, [7] obtains the Stechkin—Marchaud-type
inequalities for Bernstein polynomials as follows
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where @i (f, 1) =sup{p (x) |4}, f(X)|: X, x L hp(x) € [0,1],0 < h < 1t},
P(x) =/x(1=x), Ay [(x) = f(x+hp(x))=2f(x) + f(x—ho(x)) and
I/l :=ll¢ ™ fllcro,1;- But, this is only a norm estimate (with wi(f, 1)), the
classical estimate (with w?( f, ¢)) is not included.

In [3] Ditzian and Ivanov gave the strong converse inequality: for the
Bernstein operator there is a k such that

o’ (f, ﬁ) 1B, f ~ Flleto.ny +1Bon S — ety (1.4)

holds, where 3 ( £, 1) = supy <, 143, /1 ¢(x) = />(1-x) .

In [6], Totik extended the Ditzian-Ivanov result to a large family of
operators. Typical examples are the Bernstein, Szasz—Mirakjan, Baskakov
operators and related ones. In [5] we gave a strong converse inequality on
simultaneous approximation for Baskakov—Durrmeyer operators with
w2 (f®, 1). If we want to deal with w>:(f, 1), 0 < A< 1, it should be noted
that the above results are only for 4 = 1.

In this paper we deal with wiz( f,1) (0<A<1). We obtain a result that
is similar to (1.3) (Stechkin—-Marchaud inequality) for the Baskakov opera-
tor. Though we also attempted to get a result(strong converse inequality) of
type (1.4), it was not successful.

For the Baskakov polynomials defined for f € C[0, c0) by

n+k—1

i k
=3 f (5 ) s =("T

> xK(1+x)™"k (1.5

By using the method similar to [2], it is not difficult to show

Vo f =10 < Mo . "’l_fx)), 0<A< 1,000 = /x(1+).
n
(1.6)

The purpose of this paper is to prove the following Stechkin—-Marchaud-
type inequalities for Baskakov polynomials,

w2 <f, "’lj’({‘) )M < Mn (z IIka—f||8‘+||f||3>, (1.7)

where w:(f, gol"l(x)/\/;;)a,ﬂ, |-l5 will be defined in next section. It is
easy to see that our result is more extensive. It unifies the result of w?*( f, t)
and cof,,( f,1t). As a corollary of the main result, we will give the inverse
theorem of (1.6).
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2. LEMMAS

Since we only consider the Baskakov operator from now on, let us
suppose that ¢(x)* = x(1+x). First, we give some notations,

CO = {fE C[09 OO), f(O) = 0};
C*:={feC,, f"eC[0, )},

where C[0, c0) denotes the set of bounded continuous functions.
For0<y<2,

171, := sup {lo7"(x) fF(OI} =l 711,

x€[0,0)

C,:={feCy, |Ifll, <o},
C2:={feC%|f"l, <o}

7
For0<1<1,0<a<2,0<f<2and (1-1)a+p<2,
Cg,oz,ﬁ =Ca_iyatps Ci,a,ﬂ :=C%1—l)oc+/1‘9
1A1S = 1 =2y s 5 IAIZ == 192 f "Na=syasp-

Here, the notations || f||5 and ||f]|5 are related to «, f and A. For the sake of
brevity we suppress in part the parameters a, § and A. Our modulus of
smoothness is given by

Wi (f, e p = sup {lp® V7 P(x) 451 f(x)], x £ hp*(x) > 0},

0<h<t

Aif(x) := f(x+h)=2f(x)+ f(x—h),

and our K-functional by

K:P(f, 0= inf {If—gli+2 lgll3}.

8€Chap

Now, we give some lemmas.

LemMma 2.1. ForfeCy,O<y<2, one has

lo*V 5 fll, < Mon |If 1, 2.1
oV 5 fll. < Mon® 72| f1,. 22)
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Moreover, if f € C?, then

” n+1 ” — ”
le*V 5 11, <T||(ﬂ2f I, +24n7"~" @£, (2.3)

” n+1 ”
lo*V 7 £l < — lo>f " 24)

Proof. To prove (2.1) we set E,=[%,00), where 4>0 is a fixed
number.

(i) If xe E¢, without loss of generality, we may assume @*(x) <.
Using the representation of V' ( f, x) (cf. [4, p. 125]), we write

0> ") V(£ %)
k
o) 1) Y v,,m(x)Al,,,f(n)‘

=0

5, a0 (1 (57)2 (57) 2 )

i k+2 k+1
< 20!t ”f"y < z Un+2,k(x) @’ < n >+2 z Unta, K(x) @7 < >
k=0

+1§’0 Upya 1(X) @7 <§>>,

where A7 f(t) = f(t+2h)—=2f(t+h)+ f(t). We only estimate the first
term. Estimates of the other terms are similar. By the Holder inequality, we
have

© © © 1—y/2
% t0as @9 (E2)<( 3 vas0 02 ()L a0

k+ /2
< Z Un+2, (X)) @ < 2>+Un+2 o¥) @ <2>>

) 1\7/2
<M, <(P (x)"‘;l)

< M,n™2

< 2n1+y/2

This leads to (2.1).
(i) IfxeE,, using (cf [4, p. 127])

0

Vi(f)=((1+x)~ ‘ZO Qi (x,m)n" 3 v,(x)

k=0

)

k
——Xx
n
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and
2 AV i n 1+i/2
|(x(1+x)) Qi(x,n)n|<C<m> ,
we have
2y . 2 _y n1/2 i o k i k
2 1/2 \i o i k
<L (5 fenl oo (9
2.5
By the Holder inequality, (2.5)
s k i k
kz=:0 onx(x) Z_x ¢ <;>
k

——x

0 K\\7/2/ =@ 17‘.;,2 1-y/2
<(Z o (5)) " (Z 0|55 ) 20

k=0 k=0

Let the integer m satisfy 2m >1%y/2. We use the Holder inequality and
Lemma 9.4.4 of [4] to obtain

i
=y 2>17/2

21\ g (1912 [ 2 (1= zrm) 1=7/2)
)} (S o)
k=0
oo}
=<Z Un,k(x)

i
2m>2m
k=0

<C, (@2) 2.7
n

k

——x
n

(f e

k=0

k
——Xx
n

< ( S ()

k=0

——X
n

On the other hand,

(5 rw)”

<”+1 @) T s k<x)>

(" vw<we. e
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Combining (2.5), (2.6), (2.7) and (2.8), we obtain (2.1) .
The proof of (2.2) is similar to that of (2.1). Next we prove (2.3). We
have

k
PO VIS0 =04 D) 92 Y 0,10,00) AL f <%1>

k=0

2 ( > nk(x)Al,nf<k>. (2.9)

Let y>1/nand |u| < 1/n. Then

n+1 12 u y* u* 2yu 12
I P (y+u)+—— () =2 ot e 2y 2t P+
n n n n n n n n

If 0 < u < 1/n, the representation is obviously nonnegative.
Otherwise, it is equal to (0 < u < 1/n)

u 2yu 12_y* 12 /1 2y 1

y_u v v —L—u—Zyu+u2+—Zy—+——<—2+—J;+—+X>

n n n n n n n n n n n
>0.

Therefore,
n+1 12
PN <—— X (y+u)+—.
n n
Since the function #'~7/%(0 < y < 2) is subadditive,
1 1—-y/2
o> 7(y)<< nt > @* (y+u)+ 1207771,
n

Therefore, for f e C?,
P> () |43, 1 ()]

2— 1/2n ”
<o) [ [ 17 sol s

1/2n

+1\'1-7/2 p1/2n p1/2n
<(") [ s+ 17750l ds di

—1/2n 1/2n

+ 1272 jl/z fl/z \f"(p+s+1)| ds dt

— n+1 l_yz n — n
< () g 2 e | (.10)
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On the other hand, by the Holder inequality and (2.8),
d k i k 12 (a4 1\/?
> 9 <—> U, k(%) < < > 9 <—> Un,k(x)> =< > P'(x),  (2.11)
k=0 n k=0 n n
thus, in view of (2.9), (2.10), and (2.11), we have
2—y ” 2. —y i 2—y k 2 k y k
P VIS0 <o () Y 02 () s (2 ) @ () o)
k=1

n+ 1 y/z n+ 1 l_y/z 4 — n
(") ((55) T w2 i, )

n

n+ 1 ” — ”
<= lp?£"ll, + 2407~ o> .
Finally, we prove (2.4). We write

Vo (f, ) =n(n+1) Z Vni,1(%X)

k
)

e 1/n pl/n ” k
<n(n+1) ; v,,+2,k(x)£) fo f <;—+—s+t> ds dt
n(n+1) i
171 Z Un, k(%)
n+1 "
I1£”1I-

Therefore,
2171 n+1 2n
eV 5 11l <= le”fI-
The proof is complete.

LemMA 2.2 (cf. [7]). Suppose that for nonnegative sequences {a,}, {t,}
with o, = 0, the inequality (p > 0)

k\?
an<<;> o +7; (1<k<n) (2.12)
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holds for ne N, then

(2.13)

LemMA 2.3 (cf. [7]). Suppose that for nonnegative sequences {,}, {v,},

{¥,} with u, =0 and v, =0, the inequalities (0 <r <s, 1 <k <n)

k
M \( ) i+ Vi + Y

and

k s
Vu < <_> vk+¢k
n

hold for ne N. Then

n

)unSMrs Z kr llpk

k=1

By Lemma 2.1, 2.2, and 2.3, we can obtain the following lemma.

LemMma 24. For f e C,0<y<2, we have

||¢2V::f||y<M< 5 ||ka—f||y+||f||y>.
k=1
Proof. If0<y<2/let(neN,1<m<n)

b =m" @*(V 7 =V £,
V,, = 24m"* 2 |p*V" V") fll,

and

Vo =12M,(V,,. f = f1l, +27" I f1],)-

By (2.1), (2.2) and (2.3), we have

(2.14)

(2.15)

(2.16)

2.17)
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oy <@V fll, A0 oV £,
<n oW Vi fll, +n7 oW (Vi f = O, +n7" M, |1 f1],

n+1
<n ( IV L 11, +24n721 o f||2>

+ M, Vi f = f1l,+ Mon™" |11,
n~ eV i fll, +n72 oW i fIl, +24n72 2 o2V £,
+M0(”ka_f”y+n_l 1711,

nHe* V=V fl,+n7 oV fl, MLl IIf I,

+24n"272 @* (VY =V'Y) Sl + 240722 ||<02V'1'f Iz

+Mo(WVie f = fll,+n7"If1l,)
n@* Vi =V fll,+24n"2 29> Vi =VT) [l
+26Mon~" || fll, + Mo(IVi f = fll, +n 7" I£1,)

ko (ke |
<Euer () MW A 111
k

Hence, (2.14) holds for r = 1. On the other hand, by (2.2) and (2.4),

v, < 2407272 oW 1 1|, + 240772 @V f1,
<2472 ||¢2V;'Vk flo+24n"22 @V (Vi f = )l +24Mon~" | 11,

< 24> 2" ||¢2V flo+24M, Ve f — f1l, +24Mon ™" | 11,

<27 2||¢2V 4240 oV f+ 24M (W f = f1, 477 1£1,)
<UL V) fl+ 24072 oW ],

k\2-7/2
#201, (1) U1+ 28000 1, U1

<2802 9> (Vi =V7) fla+48Mon~" | fll, +24Mo (Vi f = fl, +n7" I£1,)
k\2-7/2
< <7_l> vk+¢k,
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and (2.15) holds for s = 2—y/2. Therefore Lemma 2.3 implies
lo* =V fl, <My Y, (Wi f = fl,+n7V A1)
k=1

_ M, (z Wef = fl,+171, )

Therefore,
lo*V 5 f1l, < M, < > Werf =11, +||f||y>+Mo I/1,
k=1

— (3 Wr-si+un,)
k=1
Concerning the case y =2, we apply Lemma 2.2 with p=1to (1 <m<n)

O =m7p* WV, V) fl. and 7, =3M(V,f—fl.+n7" 1),

which implies (2.17) analogously (cf (2.2), (2.4)).
To establish our main theorem, we need the following lemma.

Lemma 2.5, If0<y<2,t>0, x>t and either of
i O0<t<l, (i) x=2t
is satisfied, then we have

t/2 t/2
@"(x+u+v) dudvo < Mt2p7"(x).

—t/2 J—t/2

Proof. 1If condition (i) is satisfied, then for y =2, it is known (cf. [1]).
For 0 <y <2, we use the Holder inequality

t/2 rt/2

¢ "(x+u+v)dudv
—t/2 J—t/2
/2 rt/2 7/2 /2 rt/2 1—y/2
<< @ X (x+u+v)du dv> <f j dudv>
—t/2 J—t/2 —t/2 J—t/2

< M(t2¢ —Z(X))y/Z t2(1 —y/2)

< Mt 7(x).
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If condition (ii) is satisfied, then x—¢ > 1 x. Therefore,

/2
j' j @7k ) dudv < P (x—1) < P _7<2><Mt2(p_"(x).

1/2

3. MAIN THEOREMS AND COROLLARIES

Now, we prove the main theorems.

THEOREM 3.1.  Suppose f € C) - Then one has

ki (1.5 )<on (2 sl ) G
k=1

Proof. For n>=2, there exists / € N, such that n/2 </ <n, and

Wi —f15 <Wif— f||0< <k<n>

On the other hand, Lemma 2.4 implies (where we set y = (1—21) a+ )

Wists <M (2 W A1i+IA13 )

Therefore, using the definition of K$#( f,1), we have

1 1
Ky (120 ) <Lt =15+, WS

<2 3 WS- Al M (5 WS~ 151107

k=2
(L s )+ v($ wr-ni )
1/ * *
c;@ ||ka—f||o+||f||o>.

The proof is complete.

Remark. Wickeren’s Proof in [7] is followed for Theorem 3.1, and from
(3.1) we can deduce the following theorem.
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THEOREM 3.2. Suppose f € C3, 4. Then one has

w3 (1. q’j}%") ) <Cu(Twr-sim) 62

Proof. According to the definition of K5/(f,1), there exists g€ C;,
such that

1 1
U=l + el < 2K5* (1.2 ). ()
On the other hand,
A3 1 OO <=+ 1,0 64

For the first term of (3.4), since p*'~»*#(x) is a monotone increasing
function, and x > hp*(x),

43,1 (f =)D < I1f —lls (@™ P+ (x+he(x)) + 20" =2+ (x)
+ 9" x— hy(x)
<|If —&lls (@™ =27 (2x) + 39" ~P*/(x))
< T =) |If —gllo-
For the second term of (3.4), we have

jhcol(x)/z th:‘(x)/z

|40 8 ()] = g"(x+u+v)dudy

—hp*(x)/2 I —hg*(x)/2

@2 he')2
J J~ ¢_2+(1—A)a+ﬂ(x+ﬂ+v) d,u dv

<lgl>-

—hp*(x)/2 I —hp*(x)/2

Set ¢ = hp’(x). Since x > hp*(x), if x <1, one has 0 <t < 1, which satisfies
(1) of Lemma 2.5.
Ifx>1,let h< @' *(x)//n (n>8). Then

1-2
l<¢ (X)gﬂl(x):@S \/%xgg’

NN

which satisfies (ii) of Lemma 2.5. Therefore, suppose A< ' ~*(x)/
\/1; (n>=8). By Lemma 2.5, we have

he*9)/2  rhe’(x)/2
[ [ e ) i dy < MO () D)

—hp*(x)/2 I —hg*(x)/2

< Ml (p(l—l)oc+ﬂ(x).
n
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Thus, if 2 < @' ~4(x)//n (n > 8), we have

1
42001 < M=o (Uf =+ el ).

Therefore,

1-2 1 1 n
oy <f, £ ﬁ”)w <2MK;’ <f,;><C;<kgl ||ka—f||3‘+||f||:;>.

However, if n <8, the result is obvious. This completes the proof of this
theorem.
Now, we give some corollaries.

CorOLLARY 3.1. Let A=1,0< B <2, then for f € Cy
2 ! L -4
wg (| fi—) <SC={ X oW f=Dl+le7’f1 ).
\/7; B n\k=1

This result corresponds to the result of [7] with =0 which is the result
of Theorem 9.3.6 in [4] for s = 1.

CoroLLARY 3.2. Let A=0,0<a+f=y<2. Thenfor feC,
2of o Px) lrs .
o f,—== ) <C=( X oW f=Ol+le7f1 ).
\/l; y n\r=1
This is a result for the classical modulus.

COROLLARY 3.3. For 0<a<2,0< <2, we have the following inverse
results

(x

S
~

W f =) =0 (( )) — (f.1) = O(), (3.5)

B

s -nei=0(( ) )=witrn=0w. 6o

-
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@ ) |V, f = ()| < Mn~/2

= ) [f G+ —2f () + fx—)| <M ——, (3.7
»*(x)

V=)= 0 (("’ _/;(ZX) )) —W0A(f.)=0).  (3)

Proof. Since the proof of (3.5), (3.6), and (3.7) are similar, here we only
prove (3.7).

Applying Corollary 3.2, let y = f, o(x)//n+1 <t < p(x)/ \/7; . Then

P If (x+0)=2f(x) + f(x—1)|

<C <”_1 Y oW f = O+ ||(/7_ﬂf||>
k=1
<Cn 'Y kP4 Cn!
k=1

ton
P(x)’

<SCn <M

Last, we prove (3.8). In Theorem 3.2, let f = 0; thus

WV, f = £l =sup {9 ") [V, f = fH(X)I}
< Mn™2,
Let ¢'4(x)//n+1<t<¢'*x)//n. Then (h<t)

(poc(/l—l)(x) |f(x+hqol(X)) —Zf(X) +f(x—h(p/1(x))|
<Cn <z Mk‘“/2+||f||3‘>

<M n~2,
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Therefore,

i)\
U2 (0 < M, ("’—) <M
Jn

This is
wéi(f, 1) < Mt~

The proof is complete.

Remark. (1) Relation (3.8) is the inverse theorem of (1.6).

(2) Since V,(f, x) preserves constants, the condition f(0) =0 can be
omitted in the results.
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